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Abstrat
Quaternioni formulation of supersymmetri quantum mehanis
has been developed onsistently in terms of Hamiltonians, superpartner
Hamiltonians, and superharges for free partile and interating eld in
one and three dimensions. Superharges, superpartner Hamiltonians
and energy eigenvalues are disussed and it has been shown that the
results are onsistent with the results of quantum mehanis.
1
1 Introdution
Quaternioni quantum mehanis has been extensively studied by Adler
[1℄, while other authors [2, 3℄ revealed out the noble features of quater-
nioni quantum mehanis. But the subjet has not been onsidered widely
sine there are various problems with non-ommutative nature of quater-
nion multipliation besides the advane algebrai struture. On the other
hand, supersymmetri quantum mehanis is an appliation of SUSY su-
peralgebra to quantum mehanis as approved by quantum eld theory. So
one-dimensional SUSY has been studied by various authors [4, 5℄, and the
eorts have been made by various authors [5, 6, 7, 8, 9, 10, 11℄ to generalize
it to higher dimensions. One of the attempts was also made by Das et al
[2℄ to onsider the higher dimensional SUSY quantum mehanis. While the
Cooper et al [5℄ reviewed the theoretial formulation of quantum mehanis
and disussed many problems therein. Supersymmetri quantum mehan-
is involves pairs of Hamiltonians, whih share a partiular mathematial
relationship, whih are alled partner Hamiltonians and the potential en-
ergy terms our in Hamiltonians are then desribed as partner potentials.
Aordingly, for every eigenstate, of one Hamiltonian in partner Hamilto-
nian, has a orresponding eigenstate with the same energy (exept possible
for zero energy eigenstates). Eah boson would have a fermioni partner of
eigen energy but in relativisti world energy and mass are interhangeable.
So one an say that partner partiles have equal masses. SUSY onepts
have provided useful extension to WKB approximation [6℄. Supersymmetri
methods in quaternioni quantum mehanis are disussed by Adler [1℄ and
Davies [12℄ to study supersymmetri quaternioni quantum mehanis.
Keeping in view the appliation of SUSY and quaternion quantum me-
hanis, we have made an attempt in this paper to develop quaternioni
quantum mehanis from the basis of free partile quaternion dierential
operator. Free partile superpartner Hamiltonian, superharges and total
Hamiltonian are aordingly alulated. Introduing the interation through
quaternion super potential, interating super-partner Hamiltonians, super-
harges and total Hamiltonian are disussed onsistently and satises the
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properties of supersymmetri algebra. Beause of non-ommutative nature
of quaternions, we have made an attempt to solve the problem by restriting
the propagation along X-axis only and interating operators in one dimension
are derived. Correspondingly, the superharges, superpartner Hamiltonians
and total Hamiltonian are again disussed to satisfy the SUSY algebra. It has
been shown that the ondition for good supersymmetry is that superharges
must annihilate the vauum state . Using this ondition, we have obtained
ground state quaternioni wave funtion. It has been shown that the quater-
nioni superpotential obtained in this manner resembles with the result ob-
tained earlier by Davies [12℄.With the help of these operators Shrodinger
wave equation is obtained for Hamiltonian . Superpartner Hamiltonians are
fatorized in terms of eation and annihilation operators and and in that
ase our results resemble with Sukumar [10℄. It has been shown that energy
eigenvalues of superpartner Hamiltonians are positive denite. The ground
state wave funtion has also been obtained in terms of quaternion poten-
tialand superpartner Hamiltonians are derived onsistently. It has also been
shown that the seond order superpotential desribes anti-ommutation rela-
tions while the rst order superpotential gives rise to ommutation relations
of eation and annihilation operators. As suh the rst and seond order
superpotential desribes respetively the system of bosons and fermions. it
has been alulated that the energy eigenvalue of superpartner Hamiltonian
is no vanising but equals to the energy of rst exited state. It has also
been shown that the energy of in rst exited equals to energy of in seond
exited state. We have also shown that the energy spetrum is related as
energy eigenstates are equally spaed. Our results are same as those ob-
tained earlier by Sukumar [10℄ and Rajput [13℄ and we may onlude that
quaternioni supersymmetri quantum mehanis is onsistent with super-
symmetri quantum mehanis.
2 Denition
A quaternion φ is expressed as
3
φ = e
0
φ0 + e1φ1 + e2φ2 + e3φ3 (1)
Where φ0, φ1, φ2, φ3 are the real quartets of a quaternion and e0, e1, e2, e3
are alled quaternion units and satises the following relations,
e20 = e0 = 1,
e0ei = eie0 = ei(i = 1, 2, 3),
eiej = −δij + εijkek(i, j, k = 1, 2, 3), (2)
where δij is the Kroneker delta and εijk is the three index Levi- Civita
symbols with their usual denitions. The quaternion onjugate φ¯ is then
dened as
φ¯ = e
0
φ0 − e1φ1 − e2φ2 − e3φ3 (3)
Here φ0is real part of the quaternion dened as
φ0 = Re φ =
1
2
(φ¯+ φ) (4)
If Re φ = φ0 = 0 , then φ = −φ¯ and imaginary φ is alled pure quaternion
and is written as
Im φ = e1φ1 + e2φ2 + e3φ3 (5)
The norm of a quaternion is expressed as
N(φ) = φ¯φ = φφ¯ = φ20 + φ
2
1 + φ
2
2 + φ
2
3 ≥ 0 (6)
and the inverse of a quaternion is desribed as
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φ−1 =
φ¯
|φ| (7)
While the quaternion onjugation satises the following property
(φ1φ2) = φ¯2φ¯1 (8)
The norm of the quaternion (6) is positive denite and enjoys the omposition
law
N(φ1φ2) = N(φ1)N(φ2) (9)
Quaternion (1) is also written as φ = (φ0,
−→
φ ) where
−→
φ =e1φ1 + e2φ2 + e3φ3
is its vetor part and φ0is its salar part. The sum and produt of two
quaternions are
(α0,
−→α ) + (β0,−→β ) = (α0 + β0,−→α +−→β )
(α0,
−→α ) (β0,−→β ) = (α0β0 −−→α .−→β , α0−→β + β0−→α +−→α ×−→β ) (10)
Quaternion elements are non-Abelian in nature and thus represent a division
ring.
3 Quaternion SUSY for Free Partile
Let us dene four dierential operator as quaternion in the following manner
(on using natural units c = ~ = 1 and i =
√−1 through out the text);
⊡ = e1∂1 + e2∂2 + e3∂3 + ∂4 = −i ∂
∂t
+ e1
∂
∂x1
+ e2
∂
∂x2
+ e3
∂
∂x3
.(11)
The quaternion onjugate of this equation is desribed as
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⊡ = −e1∂1 − e2∂2 − e3∂3 + ∂4 = −i ∂
∂t
− e1 ∂
∂x1
− e2 ∂
∂x2
− e3 ∂
∂x3
.(12)
Using the quaternion multipliation rule (2) we may write the norm of the
quaternion dierential operator given bt equations (11-12) as
N(⊡) = ⊡⊡ = ⊡⊡ = ∂21 + ∂
2
2 + ∂
2
3 + ∂
2
4 =
∂2
∂x21
+
∂2
∂x22
+
∂2
∂x23
− ∂
2
∂t2
(13)
Equation ( 13) an also be related with the D'Alembertian operator in the
fallowing manner i.e.
 = ⊡⊡ = ⊡⊡ =
∂2
∂x21
+
∂2
∂x22
+
∂2
∂x23
− ∂
2
∂t2
= − ∂
2
∂t2
+ ▽2. (14)
Let us onsider the quaternion dierential operator ( in three spae dimen-
sions) and desribe it as the free partile operator i.e.
Âfree = △ = e1∂1 + e2∂2 + e3∂3 =
3∑
j=1
ej ▽j (▽j = ∂
∂xj
) (15)
The onjugate of equation ( 15 ) is then be written as
Â
†
free = △† = −e1∂1 − e2∂2 −+e3∂3 =
3∑
j=1
e
†
j▽†j (16)
where
†
orresponds to quaternioni onjugation. So that superpartner
of a free partile Hamiltonian an be formed as
6
Hˆ1 = Hˆ− = Â
†
freeÂfree =
3∑
j=1
e
†
j ▽†j ·
3∑
j=1
ej ▽j
Hˆ2 = Hˆ+ = ÂfreeÂ
†
free =
3∑
j=1
ej ▽j ·
3∑
j=1
e
†
j▽†j (17)
Aordingly, the superharges are desribed as
Qˆ =
[
0 Âfree
0 0
]
=
[
0
∑3
j=1 ej▽j
0 0
]
Qˆ† =
[
0 0
Â
†
free 0
]
=
[
0 0∑3
j=1 ej▽j 0
]
(18)
So the free partile Hamiltonian in 3-dimensions is desribed as
Hˆfree = Ĥ =
{ ∑3
j=1 ej ▽j ·
∑3
j=1 e
†
j▽†j 0
0
∑3
j=1 e
†
j ▽†j ·
∑3
j=1 ej▽j
}
.(19)
Here the superharges (18) and Hamiltonian (19) satisfy the super sym-
metri algebra given by
[
Ĥ , Qˆ
]
=
[
Ĥ , Qˆ†
]
= 0{
Qˆ, Qˆ
}
=
{
Qˆ† ˆ, Q
†
}
= 0. (20)
Here equation (20) results in degeneray of energy and hene, the super-
harges Qˆ andQˆ†and generate supersymmetri transformations and hange
aordingly a bosoni state to a fermioni state or vie versa. Relation
Ĥ =
{
Qˆ, Qˆ†
}
shows that Hamiltonian an have only positive or zero eigen
values i.e.
7
〈
ψ
∣∣∣Ĥ∣∣∣ψ〉 = 〈ψ ∣∣∣Qˆ Qˆ†∣∣∣ψ〉 + 〈ψ ∣∣∣Qˆ Qˆ†∣∣∣ψ〉
= | Qˆ |ψ〉2+ | Qˆ† |ψ〉2 ≥ 0 (21)
4 Quaternion SUSY for Interating Field
Let us desribe the interation through the introdution of quaternion
super potential dened as
U = e1U1 + e2U2 + e3U3 (22)
where
−→
U = (U1, U2, U3)is the three dimensional super potential. Then, the
operators for this ase of interation beome
Â = ⊡+ U =
3∑
j=1
ej(▽j + Uj)
Â† = ⊡† + U † =
3∑
j=1
e
†
j(▽†j + U †j ). (23)
So that we may dene the superharges for interating eld as follows,
Qˆ =
[
0 Â
0 0
]
=
[
0
∑3
j=1 ej(▽j + Uj)
0 0
]
Qˆ† =
[
0 0
Â† 0
]
=
[
0 0∑3
j=1 e
†
j(▽†j + U †j ) 0
]
(24)
while the super partner Hamiltonians are dened in the following manner
8
Hˆ1 = Hˆ− = Â
†Â =
3∑
j=1
e
†
j(▽†j + U †j ) ·
3∑
j=1
ej(▽j + Uj)
Hˆ2 = Hˆ+ = ÂÂ
† =
3∑
j=1
ej(▽j + Uj) ·
3∑
j=1
e
†
j(▽†j + U †j ). (25)
So that Hamiltonian from equation is desribed as
Ĥ =
{
Qˆ, Qˆ†
}
=
[
ÂÂ† 0
0 Â†Â
]
=
[
H+ 0
0 H−
]
(26)
or
Ĥ =
{ ∑3
j=1 ej(▽j + Uj) ·
∑3
j=1 e
†
j(▽†j + U †j ) 0
0
∑3
j=1 e
†
j(▽†j + U †j ) ·
∑3
j=1 ej(▽j + Uj)
}
(27)
As suh, we an verify the algebra of Supersymmetry (SUSY) i.e.
[
Q̂ , Ĥ
]
=
[
Q̂ , Ĥ†
]
= 0{
Q̂ , Q̂
}
=
{
Q̂
†
, Q̂
†
}
= 0{
Q̂ , Q̂
†
}
= Ĥ (28)
whih is same as that of equation (20).As suh, the SUSY is satised
for the ase of interating eld for whih the quaternioni formulation of
superharges and Hamiltonian are desribed by equations (24) and (27).
Let us restrit the propagation along one dimension (say X- axis only)
and letting Y = Z = 0, for simpliation, and hoosing quaternioni unit
e2 along x-axis. Then the annihilation and reation operators respetively
given by Â†and Â are derived as
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Â = e2
d
dx
+ Û(x)
Â† = e2
d
dx
− Û(x) (29)
So that superharges are obtained as
Qˆ =
[
0 Â
0 0
]
=
[
0 e2
d
dx
+ Û(x)
0 0
]
Qˆ† =
[
0 0
Â† 0
]
=
[
0 0
e2
d
dx
− Û(x) 0
]
(30)
and aordingly we may write the super partner Hamiltonians as
Hˆ1 = Hˆ− = Â
†Â = − d
2
dx2
+ e2Û
′
(x)− Û2(x)
Hˆ2 = Hˆ− = Â Â
† = − d
2
dx2
− e2Û ′(x)− Û2(x) (31)
Hene the total Hamiltonian in one dimension redues to the following ex-
pressions
Ĥ =
[
− d2
dx2
− e2Û ′(x)− Û2(x) 0
0 − d2
dx2
+ e2Û
′
(x)− Û2(x)
]
(32)
This Hamiltonian Hermitian i.e. Ĥ = Ĥ†and its eigen values are real on-
trary to the quaternion quantum mehanis [1℄. We may now relate the real
and quaternion Hamiltonian [1℄ in the following manner
Ĥ = −e2H˜ = i H˜. (33)
Sine e2 has eigenvalue ±i. Here H˜ is the quaternioni Hamiltonian dened
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[1, 12℄ as
H˜ =
[
−e2 d2dx2 + Û ′(x)− e2Û2(x) 0
0 −e2 d2dx2 − Û
′
(x)− e2Û2(x)
]
.(34)
Equation (31) may then now be written as
Hˆ1 = Hˆ− = Â
†Â = − d
2
dx2
+ V̂−(x) = − d
2
dx2
+ V̂1(x)
Hˆ2 = Hˆ+ = Â Â
† = − d
2
dx2
+ V̂+(x) = − d
2
dx2
+ V̂2(x) (35)
where V̂1(x) or V̂−(x) and V̂2(x) or V̂+(x) are known as super partner po-
tentials and are thus related to quaternioni potential U in the following
manner,
V̂1(x) = −e2Û ′(x)− Û2(x)
V̂2(x) = e2Û
′
(x)− Û2(x). (36)
Here also we may establish the ondition for good supersymmetry whih is
known as unbroken supersymmetry and where the the superharges annihi-
late the vauum i.e.
Q̂ |ψ0〉 = Q̂† |ψ0〉 = 0 (37)
where the ground state wave funtion is dened in terms of two omponent
wave funtion |ψ0〉 =
[
ψa(x)
ψb(x)
]
along with ψa(x) and ψb(x) are again de-
sribed in terms of two omponent wave funtion of a quaternion in sympleti
representation i.e.
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ψa(x) = ψ0 + e1ψ1
ψb(x) = ψ2 − e1ψ3. (38)
Using equations (30), (37) and (38), we get
[
0 e2
d
dx
+ Û(x)
0 0
][
ψa(x)
ψb(x)
]
= e2ψ
′
b(x) + Û(x)ψb(x) = 0[
0 0
e2
d
dx
− Û(x) 0
][
ψa(x)
ψb(x)
]
= e2ψ
′
a(x) + Û(x)ψa(x) = 0 (39)
whih leads to the following sets of equations i.e.
Û(x) = −ψ
′
a,b(x)e2ψ
⋆
a,b(x)
|ψa,b(x)|2
= ±ψ
′(x)e2ψ
⋆(x)
|ψ(x)|2 . (40)
Sine e2 has eigenvalues ±i . Replaing e2 by ±i our theory gives rise to the
results obtained by Davies [12℄ and aordingly, we may obtain the hierarhy
of Hamiltonians or a series of Hamiltonians Ĥ1, Ĥ2, Ĥ3..........Ĥn.
Now, we may write Shrödinger's equation for Ĥ1(Ĥ−) as
Ĥ1ψ
(1)
0 (x) = −
d2ψ
(1)
0 (x)
dx2
+ V̂−(x)ψ
(1)
0 (x) (~ = 2m = 1) (41)
where
Ĥ1 = Ĥ− = Â
†
1Â1 = −
d2
dx2
+ V̂−(x) = − d
2
dx2
+ V̂1(x)
Â1 = e2
d
dx
+ Û1(x)
Â
†
1 = e2
d
dx
− Û1(x) (42)
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Similarly, we get Shrödinger's equation for Ĥ2(Ĥ+) as
Ĥ2ψ
(1)
0 (x) = −
d2ψ
(1)
0 (x)
dx2
+ V̂+(x)ψ
(1)
0 (x) (~ = 2m = 1)
Ĥ2 = Ĥ+ = Â1 Â
†
1 = −
d2
dx2
+ V̂+(x) = − d
2
dx2
+ V̂2(x). (43)
As suh, we may obtain the positive energy eigenvalues of both superpart-
ner Hamiltonians Ĥ1(Ĥ−) and Ĥ2(Ĥ+) and it is to be proved that operator
Â onverts the eigenstate of Ĥ1(Ĥ−)into the eigenstate of Ĥ2(Ĥ+). Similarly
operator Â†onverts eigenstate of Ĥ2(Ĥ+) into eigenstate of Ĥ1(Ĥ−). Thus
we onlude that Â†works as raising operator and Â as lowering operator.
5 Superpartner Hamiltonians For Quaternion Har-
moni Osillator
Let us dene the ground state wave funtion as
ψ
(−)
0 = C exp(
∫ −→
U (s).d−→s ) (44)
where C is the normalization onstant,
−→
U (s) is the quaternion potential and
d−→s is quaternion dierene operator so that
−→
U (s) = ω(e1x1 + e2x2 + e3x3) (45)
and ω is the frequeny of the osillator. Restriting the propagation in one
dimension only, we get
−→
U (s) = ωe2x2 = ωe2x; d
−→s = e2dx. (46)
Then equation (45) redues to
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ψ
(−)
0 = C exp(−
∫
ωx.dx) = C exp(−ωx
2
2
) (47)
Superpartner potentials are then be expressed as
V̂−(x) = e2Û
′
(x)− Û2(x) = −ω + ω2x2
V̂−(x) = −e2Û ′(x)− Û2(x) = ω + ω2x2. (48)
and we get
Hˆ1 = Hˆ− = − d
2
dx2
+ V̂−(x) = − d
2
dx2
− ω + ω2x2
Hˆ2 = Hˆ+ = − d
2
dx2
+ V̂+(x) = − d
2
dx2
+ ω + ω2x2. (49)
It may readily be proved that Û2(x) is proportional to anti ommutation of
annihilation operator Â and reation operator Â†while the rst derivative
Û
′
(x) is proportional to the ommutation of annihilation operator Â and
reation operator Â†multiplied by quaternion unit e2. In the ase of quater-
nioni quantum mehanis the Hamiltonians Ĥ+and Hˆ− are superpartner
Hamiltonians i.e. for any eigen funtion ψ
(−)
0 of Hˆ− with the orresponding
eigenvalues E, Âψ
(−)
0 is an eigen funtion of Ĥ+ with the same eigenvalue.
Similarly, for any eigenfuntion ψ
(+)
0 of Ĥ+, Â
†ψ
(+)
0 is an eigenfuntion of
Hˆ− with the same eigenvalue. We may now alulate the energy eigenvalue
spetrum of Quaternion Harmoni Osillator from the basi denition of
supersymmetry. Using equations (47) and (48) we get
Hˆ1ψ
(−)
0 = 0 = E
(−)
0 ψ
(−)
0 = E
(1)
0 ψ
(1)
0 (50)
whih shows that energy eigenvalue of Hˆ−is zero. This eigenvalue an be on-
sidered as ground state energy and is the same as those obtained earlier[14℄
for the ase of quaternion supersymmetri harmoni osillator. Similarly, we
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may alulate the energy of superpartner Hamiltonian Ĥ+or Hˆ2 as
Hˆ2ψ
(−)
0 = 2ωC exp(−ωx
2
2 ) = 2ωψ
(−)
0 = E
(2)
0 ψ
(1)
0 6= 0 (51)
whih shows that
E
(2)
0 = E
(+)
0 = 2ω. (52)
It shows that ground state energy of Ĥ+(Hˆ2)is not zero. Aordingly we
may alulate
E
(+)
0 = E
(−)
1 = 2ω
E
(−)
2 = E
(+)
1 = 4ω (53)
and so on. In other words we may write the general relation between nth
and (n+ 1)thenergy levels in the following manner
E
(−)
n+1 = E
(+)
n . (54)
Hene, the energy spetrum is related as the relation between two onseutive
energy eigenstates whih are equally spaed. Thus our results are same as
those obtained earlier by Sukumar [10℄.
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